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We study Josephson junctions based on inversion-asymmetric but time-reversal symmetric Weyl
semimetals under the influence of Zeeman fields. We find that, due to distinct spin textures, the
Weyl nodes of opposite chirality respond differently to an external magnetic field. Remarkably,
a Zeeman field perpendicular to the junction direction results in a phase shift of opposite sign in
the current-phase relations of opposite chirality. This leads to a finite chirality Josephson current
(CJC) even in the absence of a phase difference across the junction. This feature could allow for
applications in chiralitytronics. In the long junction and zero temperature limit, the CJC embodies
a novel quantum anomaly of Goldstone bosons at pi phase difference which is associated with a Z2
symmetry at low energies. It can be detected experimentally via an anomalous Fraunhofer pattern.
Introduction.–Weyl semimetals (WSMs) have recently
attracted intensive interest thanks to their realization in
a number of materials [1–16] and to their novel physics
associated with Weyl nodes [17–33]. The Weyl nodes
appear in pairs that carry opposite chirality [34] in the
absence of time-reversal or inversion symmetry. Chiral-
ity is thus a defining emergent property of electrons in
WSMs. The possibility to probe and manipulate chirality
is one of the most intriguing aspects of WSMs. Recently,
chirality-dependent physics has been discussed in various
contexts [35–37].
Josephson junctions provide a complementary method
to probe the electronic properties of a particular mate-
rial. They are the basic building blocks for superconduct-
ing electronics with applications ranging from electronic
magnetometers to quantum computation [38–41]. Hence,
it is of fundamental interest to study Josephson junc-
tions based on WSMs. To date, most experimentally rel-
evant WSMs preserve time-reversal symmetry but break
inversion symmetry [5–16]. In these materials, s-wave
superconductivity couples electrons of the same chiral-
ity [42, 43]. Thus, chirality remains a well-defined prop-
erty in those Josephson junctions. Hence, we could think
about using chirality as a resource for electronics, just
as spin in spintronics. We coin this idea chiralitytronics.
Recently, Josephson junctions based on Dirac semimet-
als have been fabricated [44–46]. By similar methods, it
is feasible to also investigate Josephson junctions based
on WSMs. Previous theoretical work [47–51] instead fo-
cused on either the inversion-symmetric case or the sur-
face states where chirality is no longer a good quantum
number [42, 52].
In this Letter, we focus on Josephson junctions to
study the interplay of Zeeman fields, s-wave supercon-
ductivity, and chirality in inversion-asymmetric WSMs.
We find that the Weyl nodes of opposite chirality display
distinct spin textures. Thus, they respond differently to
an external magnetic field. As a result, a Zeeman field
perpendicular to the junction direction shifts the phase in
the current-phase relations (CPRs) of opposite chirality
differently. For each chirality, a Josephson φ0-junction
with a phase shift of opposite sign for opposite chiral-
ity is realized. The phase shift is controllable by the
junction length and external Zeeman field. The relations
between the CPRs can be understood by the underlying
low-energy symmetries of the system. Remarkably, this
mechanism gives rise to the phenomenon of a finite CJC
Jchis ≡ J+s − J−s with J±s the Josephson current for each
chirality. In the long junction and zero temperature limit,
we show that this phenomenon expresses a novel quan-
tum anomaly of Goldstone bosons (Cooper pairs) at pi
phase difference, since when sending the Zeeman field to
zero, the CJC retains a sign singularity, breaking the Z2
symmetry between the two decoupled chirality sectors at
the quantum level. This mechanism also manifests itself
as an anomalous Fraunhofer pattern.
Model and setup.–We consider inversion-asymmetric
WSMs described by the Hamiltonian [43, 53] Hw =∑
k ψ
†
kH(k)ψk with
H(k) = kxσxsz + kyσys0 + (κ
2
0 − |k|2)σzs0
+ βσysy − αkyσxsy, (1)
where ψ†k = (c
†
A,↑,k, c
†
A,↓,k, c
†
B,↑,k, c
†
B,↓,k), c
†
σ,s,k are cre-
ation operators with orbital indices σ = A,B, spin in-
dices s =↑, ↓, and wave vector k; σi (i = x, y, z, 0) are
Pauli and 2 × 2 unit matrices for orbital space, and si
for spin space. κ0, α and β are real model parame-
ters. Suppose 0<β<κ0, there are four Weyl nodes at
Q1,2 = ± (β, 0, k0) and Q3,4 = ± (β, 0,−k0), respec-
tively, where k0=(κ20−β2)1/2. At low energies, the model
(1) can be approximated as a sum of four Weyl Hamilto-
nians, Hw =
∑4
γ=1
∑′
k Ψ
†
γ,kHγ(k)Ψγ,k with
H1(2)(k) = (kx ∓ β) sx + kysy + (kz ∓ k0) sz,
H3(4)(k) = (kx ∓ β) sx + kysy − (kz ± k0) sz, (2)
where ky has been rescaled by 1/α and kz by 1/(2k0) [43].
γ(= 1, 2, 3, 4) labels the Weyl node at Qγ . Accordingly,
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2Weyl nodes 1 and 2 carry positive chirality, while Weyl
nodes 3 and 4 carry negative chirality.
∑′
k means that
k is confined in the sum to the vicinity of Weyl nodes.
The spinors Ψ†γ,k ≡ (ψ†γ,↑,k, ψ†γ,↓,k) of Weyl nodes are
given by Ψ†1,k = Ψ
†
3,k = (c
(B)†
↑,k , c
(A)†
↓,k ) and Ψ
†
2,k = Ψ
†
4,k =
(c
(A)†
↑,k , c
(B)†
↓,k ) with c
(σ)
↑(↓),k = (cσ,↑,k ± cσ,↓,k)/
√
2. While
the indices s =↑, ↓ in the operators cσ,s,k denote spin-
up and spin-down in z direction, respectively, s′ =↑, ↓
in the new basis ψγ,s′,k = c
(σ)
s′,k denote spin-up and spin-
down in x direction, respectively. We can readily observe
that Weyl nodes of opposite chirality display distinct spin
textures or spin-momentum locking as shown in Fig. 1(a).
Figure 1. (a) Spin texture of the lower conduction band of
the model (1) at ky = 0 with κ0 =
√
2 and β = 1; (b) Position
shifts of Weyl nodes in momentum space due to the Zeeman
field hx in x direction. The red (blue) dots denote the Weyl
nodes of positive (negative) chirality; (c) Sketch of the Weyl
Josephson junction.
The distinct spin textures near Weyl nodes of opposite
chirality imply different responses of Weyl nodes to Zee-
man fields. A Zeeman field h = gµBB/2 ≡ (hx, hy, hz)
couples to the electron spin via HZ = σ0h·s in our model
(1), where g is the g-factor, µB the Bohr magneton and
B the magnetic field. The y- and z-components hy and
hz couple electrons from different Weyl nodes, whereas
the x-component hx couples electrons not only from dif-
ferent Weyl nodes but also acts within each Weyl node.
Therefore, after projecting h to low energies, only hx is
significant [54, 63]. It gives rise to a diagonal term
HZγ = hxsz (3)
for each Weyl node. Combining Eq. (3) with Eq. (2), it is
interesting to see that the positions of the Weyl nodes of
positive (negative) chirality are shifted oppositely by ∓hx
in kz direction, as depicted in Fig. 1(b). Thus, hx can be
viewed as a constant axial-vector potential Aaz = ~hx/e in
z direction which acts with opposite sign on Weyl nodes
of opposite chirality.
Next, we introduce s-wave superconducting pairing
with both intra- and interorbital components to this
problem. As shown in Ref. [43], at low energies only
the intraorbital pairing is important and it couples Weyl
nodes of the same chirality. Thus, the full system can be
considered at low energies as two effectively decoupled
sectors with opposite chirality, respectively.
Finally, we consider a Josephson junction formed by
sandwiching a WSM between two s-wave superconduct-
ing WSMs, as sketched in Fig. 1(c). The positive chi-
rality sector can then be described by the Bogoliubov-de
Gennes (BdG) Hamiltonian [64]
h+BdG =νzτ0[−i∂r · s− µ(r)s0] + h(r)ν0τ0sz
+ ∆s(r)e
isgn(z)φνz/2νxτxs0 (4)
in the Nambu basis (ψ1,↑, ψ1,↓, ψ
†
2,↓,−ψ†2,↑, ψ2,↑, ψ2,↓, ψ†1,↓,
−ψ†1,↑), ∆s(r) = ∆Θ(|z| − L/2) is the pairing potential,
φ the phase difference across the junction and L the
junction length; Θ(z) is the Heaviside function and
sgn(z) the sign function. The Zeeman field is applied to
the normal WSM in x direction, h(r) = hxΘ(L/2− |z|);
µ(r) = µSΘ(|z| −L/2) + µNΘ(L/2− |z|) is the chemical
potential. The Pauli and 2 × 2 unit matrices τi and
νi (i=x, y, z, 0) act on Weyl-node and particle-hole
spaces, respectively. The BdG Hamiltonian h−BdG for the
negative chirality sector can be obtained by replacing ∂z
by −∂z in Eq. (4)
Josephson current of one chirality sector.–In order to
determine the Josephson current, we adapt the method of
Refs. [65–67] which takes into account both contributions
from Andreev bound states and the continuum spectrum.
Throughout the Letter, we normalize the current densi-
ties by the corresponding normal-state resistance Rn of
the junction at zero temperature [54].
First, let us analyze the case without Zeeman fields.
There, we find that the Josephson currents of the two
chiralities are identical, reflecting a Z2 symmetry of the
system at low energies which we further discuss below.
The results for positive chirality at low temperature are
shown in Fig. 2. The Josephson current is 2pi-periodic in
the phase difference φ. It vanishes at φ = 0 and ±pi as
required by time-reversal symmetry. The critical current
density J+c ≡ max[J+s (φ)] decays on increasing L. At
µN ≈ µS , J+c Rn is maximized [Fig. 2(c)], indicating the
enhancement of Andreev reflection at the N-S interfaces
[43]. Interestingly, we predict a clear forward skewness
in the CPRs at low temperatures kBT  min{∆, 1/L}.
This skewness is related to the helical nature of Andreev
bound states [68, 69] due to strong spin-momentum lock-
ing in WSMs. At µN ≈ µS , a more pronounced skewness
can be observed [Fig. 2(d)].
The most exciting physics arises in the presence of the
Zeeman field hx. We find that hx shifts the phase differ-
ence φ by φ0 = 2hxL as it enters as an effective vector
potential in z direction. Consequently, J+s becomes zero
3Figure 2. Current-phase relations for positive chirality in the
absence of Zeeman fields for L = 1/(100∆) (a) and 1/∆ (b)
with various choices of µN ; (c) Critical current density J+c as
a function of µN for L = 1/(100∆) (i, red), 1/(10∆) (ii, blue),
and 1/∆ (iii, green), respectively; (d) Location φmax of J+c ,
a measurement of skewness, as a function of µN for (i), (ii),
and (iii), respectively. µS = 100∆ and kBT = 0.01∆ in all
plots.
neither at φ = 0 nor ±pi. An anomalous Josephson cur-
rent J+s (φ = 0) 6= 0 can be obtained, due to the presence
of the phase shift φ0 (green curves in Fig. 3). The system
indeed realizes a Josephson φ0-junction [70] for positive
chirality with the phase shift tunable by the Zeeman field
and junction length. Importantly, similar results can be
found for negative chirality but with a phase modulation
of opposite sign −φ0 (yellow curves in Fig. 3). There-
fore, the supercurrents of opposite chirality become dif-
ferent, i.e., J−s (φ) 6= J+s (φ). This implies the striking
phenomenon of a finite CJC. Note that supercurrents of
opposite chirality can still be related to each other by
J−s (φ) = −J+s (−φ), as a result of a magnetic Z2 symme-
try between the two chirality sectors [54].
Total and chirality Josephson currents.–With the ob-
tained J±s (φ), we are equipped to evaluate the total and
chirality Josephson currents. The results for the total
Josephson current J tots (φ) ≡ J+s (φ) + J−s (φ) are repre-
sented by the blue curves in Fig. 3. In the absence of φ0,
the CPRs for each chirality are identical. Thus, J tots (φ)
takes exactly the same form as J+s (φ) but twice as large.
In contrast, the presence of φ0 shifts the CPRs of oppo-
site chirality oppositely, which, along with the forwardly
skewed shape of J±s (φ), leads to several particular fea-
tures in J tots (φ). First, the contributions of the two chi-
ralities to J tots (φ) is controllable by φ0. At φ = ±φ0 +npi,
n ∈ Z ≡ {0,±1, ...}, J tots (φ) is of purely positive (nega-
tive) chirality. This feature can be exploited in super-
conducting chiralitytronics, since we are able to trans-
fer a net chirality across the junction via dissipationless
transport of chiral Cooper pairs. Second, with increas-
ing φ0 from 0 to pi/2, the maximum of J tots (φ) decreases
monotonically but never goes to zero [inset in Fig. 3(d)].
Meanwhile, the slope of J tots (φ) at φ = (2n+ 1)pi, n ∈ Z,
changes its sign at a critical φ0. Then, two instead of
one peak (dip) appear in a period φ ∈ [−pi, pi] [Fig. 3(b)].
Third, for φ0 = (2n+ 1)pi/2, n ∈ Z, the two peaks (dips)
become equal. Hence, J tots (φ) becomes pi instead of 2pi
periodic in φ and takes a more skewed shape [Fig. 3(c)].
Fourth, for φ0 = npi, n ∈ {±1,±3, ...}, J tots (φ) resem-
bles the one of a pi-junction [Fig. 3(d)]. This means that
tuning φ0 leads to a 0-pi transition in J tots (φ). Finally,
although time-reversal symmetry is broken by hx in the
system, J tots (φ) still obeys J tots (φ) = −J tots (−φ). Thus,
J tots (φ) always vanishes at φ = npi, n ∈ Z.
Figure 3. Current-phase relations for hxL = 0, 0.1, pi/4, and
pi/2, respectively. The green, yellow, blue and red curves
represent J+s , J−s , Jtots and Jchis , respectively. The inset in
panel (d) illustrates the maximum of Jtots as a function of
hxL. J0 = 16pi∆/(eRn), L = 1/(100∆), µN = µS = 100∆
and kBT = 0.01∆ in all plots.
The red curves in Fig. 3 show the results for the CJC
Jchis (φ) ≡ J+s (φ) − J−s (φ). Without Zeeman fields, i.e,
φ0 = 0, Jchis (φ) is always vanishing, as the supercurrents
of opposite chirality J±s (φ) are the same [Fig. 3(a)]. In
contrast, an applied Zeeman field hx in the N region leads
to chirality-dependent phase shifts ±φ0 in the CPRs,
making J±s (φ) generally different. Thus, a finite CJC
Jchis (φ) 6= 0 is allowed, as shown in Fig. 3(b, c). Differ-
ent from the total Josephson current, Jchis (φ) is always
2pi-periodic in φ. Moreover, Jchis (φ) is an even function
of φ, i.e., Jchis (φ) = Jchis (−φ). This indicates that a fi-
nite Jchis exists even in the absence of a phase difference.
Interestingly, the maxima of |Jchis (φ)| always occur at
φ = npi, n ∈ Z (where J tots = 0) and are twice as large
as |J±s (φ)| there. In the case µN ≈ µS , salient dips may
occur at φ = (2n + 1)pi, n ∈ Z for small φ0, due to the
pronouncedly skewed shape of J±s (φ). Additionally, the
anomalous CJC Jchis (0) is an odd and oscillatory function
of φ0 with a period of 2pi.
Quantum anomaly of Goldstone bosons.–In the Weyl
Josephson junction without Zeeman fields, the two chiral-
4ity sectors at low energies are connected by a Z2 exchange
symmetry,
UH+(r)U−1 = H−(r), U = iτysyRx, (5)
where the basis is (c(B)↑ , c
(A)
↓ , c
(A)
↑ , c
(B)
↓ ), H+(r) =
diag(H1(r), H2(r)) and H−(r) = diag(H3(r), H4(r)) the
Hamiltonians for Weyl fermions of positive and negative
chirality, respectively, Hγ(r) the Fourier transforms of
Hγ(k) in Eq. (2), and Rx the reflection operator about
the yz plane [54]. The two chirality sectors have identi-
cal response to a phase difference φ across the junction,
as superconductivity preserves this Z2 symmetry. This
leads to J+s (φ) = J−s (φ) for all φ. Therefore, Jchis (φ) is
vanishing. However, the Zeeman field hx plays the role
of an axial-vector potential in the system. It effectively
modifies the phase difference, leading to a finite CJC.
This CJC is closely associated with the Z2 symmetry,
different from the anomalous Josephson effects discussed
previously in a variety of 1D systems with broken chiral
symmetry [70, 71].
We now carefully explain in which sense the presence of
a finite Jchis corresponds to a quantum anomaly of Gold-
stone bosons. In the long junction and zero temperature
limit, T = 0 and L  1/∆, the contribution to the su-
percurrent comes from low-energy Andreev bound states
with energy ||  ∆ [72, 73]. For each k‖, the energy
levels cross at φ ± φ0 = pi for the positive and negative
chirality sectors, respectively. Summing over all allowed
k‖, the CJC for fixed φ = pi shows a discontinuous jump
at hx = 0 [54]. Namely,
Jchis =
2µ2N
3L
[2hxL
pi
− sgn(hx)
]
, |hxL| < pi. (6)
This result is robust against a non-magnetic perturba-
tions such as an interface barrier or smooth disorder in
the N region [54]. The amplitude of Jchis is determined
by the density of states of Weyl fermions at the Fermi
level in the N region, and it depends quadratically on
µN . When hx → 0, the system is invariant under the Z2
exchange. However, Jchis retains the noninvariant con-
tribution with an ambiguous sign, which contradicts the
prediction that Jchis = 0 in the presence of the Z2 symme-
try. Therefore, this discontinuity corresponds to a quan-
tum anomaly of Cooper pairs somewhat similar to the
mirror anomaly proposed by Burkov [74] but associated
with the Z2 symmetry of Eq. (5). Note that the quantum
anomaly is restricted to a specific parameter regime (i.e.,
for φ = pi, T = 0 and L 1/∆).
Anomalous Fraunhofer pattern.–In the Weyl Joseph-
son junction, the magnetic field Bx applied to the N re-
gion also modulates the phase difference spatially [75].
The total supercurrent through the junction is then given
by
Is =
WΦ0
2piΦ
∫ piΦ/Φ0+γ0
−piΦ/Φ0+γ0
dφJ tots (φ). (7)
Here, J tots (φ) is taking into account the modification by
the Zeeman field; γ0 is the phase difference at y = 0;
Φ = BxWL the magnetic flux threading the N region; W
the junction width; Φ0 the flux quantum. Plotting the
maximum supercurrent Ic = max[Is(γ0)] as a function of
Bx or Φ yields the Fraunhofer pattern [75].
With the previously obtained CPRs plugged into Eq.
(7), the Fraunhofer patterns are readily calculated and
displayed in Fig. 4. The Fraunhofer pattern strongly de-
pends on the quantity g˜ ≡ gµBΦ0/W . When g˜ is negli-
gible, g˜  1, such as in a wide junction with a small g-
factor, we have a conventional Fraunhofer pattern shape,
i.e., Ic(Φ)/Ic(0) = (Φ0/Φ)| sin(piΦ/Φ0)| [Fig. 4(a)]. For
g˜ ? 1, more (local) maxima appear and their values do
not decay monotonically with increasing Φ or Bx any-
more [Fig. 4(b, c, d)]. For a large g˜ ? 10 such as in
a narrow junction with a large g-factor, the Fraunhofer
pattern exhibits a beating behavior with two frequencies
[Fig. 4(d)]. We note that these anomalous Fraunhofer
patterns, originating from the interference of the super-
currents of different chirality, are a manifestation of the
chirality-dependent phase shifts in the CPRs due to the
Zeeman field.
Figure 4. Fraunhofer patterns for g˜ = 0, 1, 5, and 20, re-
spectively. The blue circled curves are calculated from Eq.
(7), while the red curves are plots of Eq. (S5.1) in Ref. [54].
L = 1/(100∆), µS = µN = 100∆ and kBT = 0.01∆ in all
plots.
Discussion and summary.–We briefly discuss the ap-
plicability of our results to experiments. In the candidate
material of compressively strained HgTe, g ' 22.5 [76].
Consider a typical Fermi velocity of vF ' 105 m/s. Then,
at a magnetic field Bx=10 mT, the position shift of Weyl
nodes is δkz ' 10−4nm−1 which is one or two orders
of magnitude smaller than the separation of Weyl nodes
[15]. For junctions with lengths larger than 500 nm, we
could hence obtain an observable phase shift φ0 ? 0.1.
In order to have g˜ ? 1, a junction width smaller than 40
nm is needed in this material.
In summary, we find that in Josephson junctions based
5inversion-asymmetric WSMs, a perpendicular Zeeman
field can realize chirality-dependent φ0-junctions and
gives rise to a finite CJC which occurs even without a
phase difference. This can be understood by the dis-
tinct spin textures near Weyl nodes of opposite chirality.
This effect shows a novel quantum anomaly of Goldstone
bosons in a specific parameter regime and manifests itself
as an anomalous Fraunhofer pattern.
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Supplemental Material
Appendix S1: Effective Zeeman term
Performing the unitary transformation c(σ)↑(↓) = (cσ,↑±cσ,↓)/
√
2, σ ∈ {A,B}, the Zeeman interaction transforms into
H˜Z =

hx hz + ihy 0 0
hz − ihy −hx 0 0
0 0 hx hz + ihy
0 0 hz − ihy −hx
 (S1.1)
in the basis (c(A)↑ , c
(A)
↓ , c
(B)
↑ , c
(B)
↓ ). The Zeeman field couples spins within the same orbital. The x-component hx is
diagonal, whereas the y- and z-components hy, hz are off-diagonal in this basis. One can observe that hy and hz
couple electrons from different Weyl nodes, i.e., Weyl nodes 1 and 3 to Weyl nodes 2 and 4, whereas hx couples
electrons not only from different Weyl nodes, i.e., Weyl node 1 to Weyl node 3 and Weyl node 2 to Weyl node 4, but
also acts within each Weyl node. At low energies, the basis wave functions Ψγ(r) = (ψγ,↑(r), ψγ,↓(r)), γ ∈ {1, 2, 3, 4},
for the Weyl nodes can be found as
Ψγ(r) = e
i(k+Qγ)·r(c(B)↑ , c
(A)
↓ ), γ = 1, 3,
Ψγ(r) = e
i(k+Qγ)·r(c(A)↑ , c
(B)
↓ ), γ = 2, 4, (S1.2)
where Qγ is the position of the Weyl node labeled by γ in momentum space. The full spinor basis containing 8
components can be written as
Ψ(r) = (Ψ1(r),Ψ2(r),Ψ3(r),Ψ4(r)). (S1.3)
The projection of the Zeeman interaction (S1.1) onto the spinor (S1.3) results in
HZij =
1
Ω
∫
drψ∗i (r)H˜Zψj(r), (S1.4)
where ψi is the i-th component of the spinor (S1.3), Ω = LxLyLz with Lx,y,z the lengths of the system along three
principal directions, respectively. For example, HZ1,1, HZ1,4, and HZ1,5 are explicitly given by
HZ1,1 =
1
Ω
∫
d3re−iQ1·r (0, 0, 1, 0) H˜ZeiQ1·r (0, 0, 1, 0)
T
= hx,
HZ1,4 =
1
Ω
∫
d3re−iQ1·r (0, 0, 1, 0) H˜ZeiQ2·r (0, 0, 0, 1)
T
= (hz + ihy)
sin(βLx)
βLx
sin(k0Lz)
k0Lz
,
HZ1,5 =
1
Ω
∫
d3re−iQ1·r (0, 0, 1, 0) H˜ZeiQ3·r (0, 0, 1, 0)
T
= hx
sin(k0Lz)
k0Lz
. (S1.5)
Suppose the lengths Lx,z or separations of Weyl nodes k0 and β are large enough such that βLx  1 and k0Lz  1.
Then, inter-Weyl node couplings, such as HZ1,4 and HZ1,5, vanish. Therefore, the projection of the Zeeman interaction
becomes diagonal in the Weyl-node space and gives rise to Eq. (3) in the Letter for each Weyl node.
Appendix S2: Josephson currents
In this section, we calculate the scattering matrix in the N region, the reflection matrix at the interfaces, and finally
the Josephson currents.
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1. Scattering and interface reflection matrices
We take the positive chirality sector for illustration and consider the Hamiltonian given in the main text and below
explicitly
h+BdG =
(
hBdG 0
0 hBdG
)
, (S2.1)
hBdG =
(−i∂r · s + h(r)sz − µ(r)s0 ∆s(r)eisgn(z)φ/2s0
∆s(r)e
−isgn(z)φ/2s0 i∂r · s + h(r)sz + µ(r)s0
)
, (S2.2)
where 0 is the 4 × 4 null matrix, µ(r), h(r), and ∆s(r) are spatially dependent quantities, as described in the main
text. The Hamiltonian decouples into two identical blocks given by Eq. (S2.2). In this section, we deal with Eq.
(S2.2), which is enough for the transport problem. In the N region, the basis functions at a given energy ε can be
written as (the factor eikxx+ikyy is omitted for simplicity)
ϕe+(z) = (cosαe, e
iθk sinαe, 0, 0)
T eike+z, ϕe−(z) = (e−iθk sinαe, cosαe, 0, 0)T eike−z,
ϕh+(z) = (0, 0, cosαh,−eiθk sinαh)T eikh−z, ϕh−(z) = (0, 0,−e−iθk sinαh, cosαh)T eikh+z, (S2.3)
where θk = arctan(ky/kx), αe(h) = arctan(k‖/ke(h))/2, k‖ = (k2x + k2y)1/2, ke± = −hx ± ke, kh± = hx ± kh and
ke(h) = [(ε± µN )2 − k2‖]1/2. T means the transpose of a matrix. In the two S regions, the basis functions are
ϕqe+(z) =(e
iβ cos α˜e, e
iβeiθk sin α˜e, e
−iφt cos α˜e, e−iφteiθk sin α˜e)T eik˜ez,
ϕqe−(z) =(eiβe−iθk sin α˜e, eiβ cos α˜e, e−iφte−iθk sin α˜e, e−iφt cos α˜e)T e−ik˜ez,
ϕqh+(z) =(e
iφt sin α˜h, e
iφteiθk cos α˜h, e
iβ sin α˜h, e
iβeiθk cos α˜h)
T e−ik˜hz,
ϕqh−(z) =(eiφte−iθk cos α˜h, eiφt sin α˜h, eiβe−iθk cos α˜h, eiβ sin α˜h)T eik˜hz, (S2.4)
where t ∈ {r, l} labels the pairing phases φl = −φ/2 and φr = φ/2 on the left and right hand sides, respectively;
α˜e(h) = arctan(k‖/k˜e(h))/2 and k˜e(h) = [(µS ± Ω)2 − k2‖]1/2. For subgap energies ε 6 ∆, β = arccos(ε/∆), and
Ω = i(∆2 − ε2)1/2, while for supragap energies ε > ∆, β = −iarccosh(ε/∆), and Ω = sgn(ε)(ε2 −∆2)1/2. Therefore,
the wave function can be expanded in terms of these basis functions as
Ψ(z) =
{
Ne+ϕe+(z) +Ne−ϕe−(z) +Nh+ϕh+(z) +Nh−ϕh−(z), |z| < L/2,
Se+ϕqe+(z) + Se−ϕqe−(z) + Sh+ϕqh+(z) + Sh−ϕqh−(z), |z| > L/2,
(S2.5)
where superposition coefficients Ne(h)± and Se(h)± are determined by the boundary conditions.
The reflection matrix is then determined by matching the wave function in Eq. (S2.5) at the interfaces at z = ±L/2
and found explicitly as
R+A =

Reee
−iθk Rehe−iφ/2 0 0
Rhee
iφ/2 Rhhe
iθk 0 0
0 0 Reee
iθk Rehe
iφ/2
0 0 Rhee
−iφ/2 Rhhe−iθk
 , (S2.6)
where
Ree =− [eiβ sin(αe − α˜e) sin(αh + α˜h)− e−iβ sin(αh + α˜e) sin(αe − α˜h)]/Z,
Reh =− cos(2αh) sin(α˜e − α˜h)/Z, Rhe = − cos(2αe) sin(α˜e − α˜h)/Z,
Rhh =[e
iβ cos(αe + α˜e) cos(αh − α˜h)− e−iβ cos(αe + α˜h) cos(αh − α˜e)]/Z, (S2.7)
with Z = eiβ cos(αe + α˜e) sin(αh + α˜h)− e−iβ cos(αe + α˜h) sin(αh + α˜e) [? ]. The reflection matrix is block-diagonal
with two blocks describing the reflection property of the two interfaces, respectively. Assume that the N region is
clean enough such that no scattering occurs between different modes. The scattering matrix is then given by the
dynamic phases accumulated as the particles and holes propagate along the N region:
S+N =

0 0 e−ike−L 0
0 0 0 e−ikh−L
eike+L 0 0 0
0 eikh+L 0 0
 . (S2.8)
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The Zeeman field hx does not alter the basis states but only enters the wave vectors ke± and kh± which are canceled
out on matching the wave function. Therefore, hx does not affect the reflection R+A but scattering matrix S+N ,
2. Josephson current
We apply the method described in Refs. [? ? ? ] to calculate the Josephson current densities
J±s (φ) = −
16ekBT
~
∑
k‖
∞∑
n=0
d
dφ
lnD±(k‖, φ; iωn), (S2.9)
where the sums run over all transverse momenta k‖ and fermionic Matsubara frequencies ωn = (2n + 1)pikBT , −e
is the electron charge, T the temperature, kB the Boltzmann constant and D± = det(1 − R±AS±N ). The index +(−)
denotes positive(negative) chirality. This method takes into account both contributions from discrete Andreev bound
states and the continuum spectrum. The condition D±(k‖, φ; ε) = 0 determines the energy spectrum of Andreev
bound states with energy within the superconducting gap.
With Eqs. (S2.6) and (S2.8), D+ is obtained as
D+ =1−R2eee2ikeL −R2hhe2ikhL + (ReeRhh −RehRhe)2e2i(ke+kh)L − 2RehRhe cosφ′ei(ke+kh)L. (S2.10)
The phase dependence in D+ comes from the finite Andreev reflection at the interfaces. The Zeeman field hx leads
directly to a shift in the phase difference φ′ = φ + φ0 with φ0 = 2hxL. For µN = µS  ∆, Ree ≈ Rhh ≈ 0 and
Reh ≈ Rhe ≈ e−iβ .
3. Josephson current in the long junction and zero temperature limit
In the long junction and zero temperature limit, only low-energy Andreev bound states with energy ||  ∆ are
relevant for the Josephson current [? ]. For simplicity, we put ∆→∞ so that the low-energy states are well localized
in the N region. Andreev bound states are determined by the condition D± = 0. But here, we can make use of the
long junction assumption and find the Andreev bound states by using the method of Ref. [? ]. For a given transverse
momentum k‖, there are two Fermi points ±kF satisfying (k2F + k2‖)1/2 = µN (we assume µN > 0 without loss of
generality). If we take kz = ±kF + qz with qz small, then the low-energy excitations measured from µN are described
by a helical model
H1 = vF qzσ
′
z, (S2.11)
where vF = (µ2N − k2‖)1/2/µN is the effective Fermi velocity and the Pauli matrix σ′z acts on the two chiral bands.
For the positive and negative chirality sectors, the allowed values of qz that satisfy the boundary conditions [55] at
L = ±L/2 are found as
q±n =
pi
L
(
n+
1
2
+
φ± φ0
2pi
)
, n ∈ Z, (S2.12)
respectively. Both the phase difference and Zeeman field have been taken into account. Therefore, the energies of
Andreev bound states are
±n,η = η
pivF
L
(
n+
1
2
+
φ± φ0
2pi
)
, η ∈ {−1, 1}. (S2.13)
Note that for k‖ = 0, n can also be found easily by solving D± = 0 with /∆ → 0. The result is in agreement
with Eq. (S2.13). These energy levels are linear in φ ± φ0 and cross at φ ± φ0 = pi (and other quantized values
φ ± φ0 = (2n + 1)pi with n ∈ Z). The level crossings at φ ± φ0 = (2n + 1)pi are protected by a pseudo time-reversal
symmetry (with the operator iKσ′y, K is the complex conjugation).
The Josephson currents of each chirality can be related to the eigenenergies by [56, 57]
J±s =
∑
k‖
j±s , j
±
s =
e
~
∂F±(φ)
∂φ
, F±(φ) = 2
∑
n
±n,ηfF (
±
n,η), (S2.14)
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where F± is the free energy and fF (E) is the Fermi distribution function. At zero temperature, fF (E) = Θ(−E).
Due to the linearized spectrum, there are infinitely many negative energy states forming the Dirac sea. Nevertheless,
J±s (φ) can be calculated by the method of Bosonization [58] or ultraviolet regularization [59, 60] since the energy
states deep in the Dirac sea have exponentially small contribution to the physical properties of the system. For
−pi < φ± φ0 < 3pi, j±s is found as
j±s =
2pivF
L
[φ± φ0
pi
− sgn(φ± φ0 − pi)− 1
]
. (S2.15)
For each k‖, the supercurrent has a piecewise phase-dependence with a discontinuous jump at φ± φ0 = pi. Summing
over k‖ and taking the difference of J±s , we obtain the chirality Josephson current. At φ = pi, the chirality Josephson
current Jchis for small hxL is given by
Jchis =
2µ2N
3L
[2hxL
pi
− sgn(hx)
]
, |hxL| < pi. (S2.16)
It shows a discontinuous jump at hx = 0 (see Fig. S5).
Figure S5. Chirality Josephson current Jchis at φ = pi and T = 0 as a function of hxL in a long Josephson junction L 1/∆.
The discontinuity in Eq. (S2.16) is robust against a non-magnetic and perturbative impurity barrier modeled by a
scalar potential U(r) = δU [Θ(z − z1)−Θ(z − z2)] with −L/2 6 z1 < z2 6 L/2. For simplicity, we assume a uniform
barrier potential U(r) in x and y directions. Then, the transverse momentum k‖ is preserved. This potential may
account for an interface barrier or smooth (particularly in x and y directions) disorder in the N region. If δU is small
enough such that the linearized model remains valid, then, the scalar potential only generates phase shifts for the two
chiral particles without coupling them. By imposing the boundary conditions, the energies of Andreev bound states
are found as
±n,η = η
pivF
L
(
n+
1
2
+
φ± φ0
2pi
)
+ U0, η ∈ {−1, 1}, (S2.17)
where U0 = (z2 − z1)δU/L. The only effect of the impurity barrier is to shift the spectrum by a global constant U0
which does not depend on the phase difference. The energy crossings at φ ± φ0 = pi of the clean spectrum in Eq.
(S2.13) are thus preserved since the scalar potential does not break the underlying pseudo time-reversal symmetry.
This behavior is a manifestation of the absence of backscattering or Klein tunneling [61] in a helical liquid. Plugging
Eq. (S2.17) into Eq. (S2.14), we arrive at exactly the same formulas as Eqs. (S2.15) and (S2.16). Note that, for
magnetic or strong impurities [57], backscattering is no longer prohibited. It opens gaps between the energy levels of
the two chiral particles. Then, the discontinuity in Eq. (S2.16) will be smoothed out.
Appendix S3: Normal-state resistance of the junction
In this section, we apply the scattering matrix formalism [62] to calculate the normal-state resistance of the junction.
The wave function of a scattering state in which an electron is incident on the left-hand side and moves to the right
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is given by
Ψ(z) =

ϕ¯−→e (z) + r0ϕ¯←−e (z), z < −L/2,
α0ϕ−→e (z) + β0ϕ←−e (z), |z| < L/2,
t0ϕ¯−→e (z), z > L/2.
(S3.1)
Consider the scattering state at the Fermi level. Then, the basis functions are given by
ϕ−→e (z) =(cos(α/2), sin(α/2))
T eikez, ϕ←−e (z) = (sin(α/2), cos(α/2))
T e−ikez,
ϕ¯−→e (z) =(cos(α¯/2), sin(α¯/2))
T eik¯ez, ϕ¯←−e (z) = (sin(α¯/2), cos(α¯/2))
T e−ik¯ez, (S3.2)
where the angles α and α¯ are defined by sinα = k‖/µN , cosα = ke/µN , sin α¯ = k‖/µS and cos α¯ = k¯e/µS , respectively.
Note that the scattering state exists only when k¯e = (µ2S − k2‖)1/2 is real. The coefficients α0, β0, t0 and r0 are
determined by requiring the continuity of Ψ(z) at the interfaces at z = ±L/2. The transmission probability T0 ≡ |t0|2
of current density across the junction can be found as
T0 =
∣∣∣∣ cosα cos α¯cosα cos α¯ cos(keL) + i (sinα sin α¯− 1) sin(keL)
∣∣∣∣2 . (S3.3)
This implies that T0 is an oscillatory function of the junction length L for µN > µS . For the short junction limit with
L = 0, a uniform chemical potential µN = µS , or normal incidence k‖ = 0, we obtain the perfect transmission T0 = 1.
The resistance of the junction at zero temperature can then be calculated by the Landauer formula
R−1n =
4e2
h
∑
k‖
T0(k‖), (S3.4)
where the factor 4 is due to four Weyl cones in the system. For µN = µS or L = 0, Rn = (h/e2)(pi/µ2S).
Appendix S4: Symmetry analysis
At low energies, the Hamiltonian for the two Weyl nodes of positive chirality can be written as
H+(r) = −iτ0(∂xsx + ∂ysy + ∂zsz)− τz (βsx + k0sz)
in the basis Ψ˜+ = (e−iQ1·rΨ1, e−iQ2·rΨ2). Here, si and τi (i = 0, x, y, z) act in spin and Weyl-node spaces, respectively.
For the Weyl nodes of negative chirality, the Hamiltonian reads
H−(r) = −iτ0(∂xsx + ∂ysy − ∂zsz)− τz (βsx + k0sz)
in the basis Ψ˜− = (e−iQ3·rΨ3, e−iQ4·rΨ4). According to Eq. (S1.2), the Hamiltonian for opposite chirality share the
same basis Ψ˜+ = Ψ˜− = (c
(B)
↑ , c
(A)
↓ , c
(A)
↑ , c
(B)
↓ ). In this basis, the time-reversal operator reads T = −iτxsyK, where K
denotes the complex conjugation. In addition, there exists an emergent symmetry operation
U = iτysyRx = eipisyτyRx/2, (S4.1)
where Rx is the reflection operator about the yz plane, (i.e., x→−x). In the absence of magnetic fields, each chirality
sector is invariant under time-reversal, i.e., [H±(r), T ] = 0. They are connected to each other by the emergent
symmetry, i.e., UH+(r)U−1 = H−(r). In the full basis spinor (Ψ˜+, Ψ˜−), we can define an operator as
U5 =
(
0 U
U 0
)
. (S4.2)
which commutes with the full Hamiltonian H = diag(H+(r), H−(r)), i.e., [H,U5] = 0. This implies that the system
has a discrete Z2 symmetry which exchanges the two chirality sectors. We thus call U the Z2 (exchange) symmetry.
The BdG Hamiltonians for the two chirality sectors can be written as
H±BdG(φ) =
(
H±(r)− µ(r)τ0s0 i∆s(r)eisgn(z)φ/2τxsy
−i∆s(r)e−isgn(z)φ/2τxsy −H∗±(r) + µ(r)τ0s0
)
(S4.3)
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in the Nambu basis (c(B)↑ , c
(A)
↓ , c
(A)
↑ , c
(B)
↓ , c
(B)†
↑ , c
(A)†
↓ , c
(A)†
↑ , c
(B)†
↓ ). Accordingly, the extended operator of U in this
Nambu basis reads UBdG = diag (U ,−U) . It relates the BdG Hamiltonians as
UBdGH+BdG(φ)U−1BdG = H−BdG(φ). (S4.4)
The BdG equation for positive chirality is described by
H+BdG(φ)ψ+n = E+n (φ)ψ+n , (S4.5)
where ψn and En are eigenstate and eigenenergy labeled by an index n, respectively. Making use of Eq. (S4.4), Eq.
(S4.5) can be transformed to
H−BdG(φ)UBdGψ+n = E+n (φ)UBdGψ+n . (S4.6)
This indicates that H±BdG(φ) have exactly the same eigenenergies. Namely,
E−n (φ) = E
+
n (φ). (S4.7)
Using the formula for the Josephson currents of each chirality
J±s (φ) =
e
~
∂F±(φ)
∂φ
, F±(φ) =
∑
n
E±n fF (E
±
n ). (S4.8)
With the help of Eq. (S4.7), we find that the Josephson currents for the two chirality sectors have to be equal,
J+s (φ) = J
−
s (φ). (S4.9)
The presence of hx breaks both the symmetries T and U simultaneously. However, the system preserves a combined
symmetry defined by the product of T and U ,
S = T U = −iτzRxK, (S4.10)
as represented explicitly by
S[H+(r) + h(r)τ0sz]S−1 = H−(r) + h(r)τ0sz. (S4.11)
Thus, S exchanges the two chirality sectors even in the presence of hx. We call it a magnetic Z2 symmetry. In the
presence of hx, the BdG Hamiltonians (S4.3) are modified to
H˜±BdG(φ) =
(
H±(r) + h(r)τ0sz − µ(r)τ0s0 i∆s(r)eisgn(z)φ/2τxsy
−i∆s(r)e−isgn(z)φ/2τxsy −H∗±(r)− h(r)τ0sz − µ(r)τ0s0
)
. (S4.12)
They are related by
SBdGH+BdG(φ)S−1BdG = H−BdG(−φ), (S4.13)
with SBdG = diag (S,-S) the corresponding extended operator of S in the Nambu basis. In this case, we do not have
the relation in Eq. (S4.6) but still
H−BdG(φ)SBdGψ+n = E+n (−φ)SBdGψ+n . (S4.14)
Consequently,
E−n (φ) 6= E+n (φ), E−n (φ) = E+n (−φ). (S4.15)
Therefore, using Eq. (S4.8), we find J+s (φ) 6= J−s (φ), and
J+s (φ) = −J−s (−φ). (S4.16)
The relation in Eq. (S4.16) holds even in the presence of hx which breaks time-reversal symmetry.
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Appendix S5: Fraunhofer patterns
As shown in Figs. S6, S7 and S8, although the CPR is sensitive to junction lengths, low temperatures, and chemical
potentials, the corresponding Fraunhofer patterns are almost the same. For g˜ 6= 0, the supercurrents of opposite
chirality vary differently as increasing the magnetic field. As a consequence, an anomalous Fraunhofer pattern occurs
as the interference of the two different supercurrents. Therefore, the anomalous Fraunhofer pattern is an indication
of the finite chirality Josephson currents in the system. At large temperatures, the sinusoidal form of CPR can be
observed. Thus, all the minima drop to zero [Fig. S8(b, c)].
Since different choices of J tots (φ) yield more or less the same Fraunhofer pattern, we can assume the usual sinusoidal
CPR for each chirality and obtain a simple formula
Ic(Φ)
Ic(0)
=
Φ0
piΦ
∣∣∣∣sin(piΦΦ0
)
cos
( g˜Φ
Φ0
)∣∣∣∣ . (S5.1)
Although the true CPR is usually skewed forward, Eq. (S5.1) captures the correct Fraunhofer patterns quite well (Fig.
4 in the Letter). From this analogy, the two frequencies of Φ/Φ0 can be extracted as 2/(1± g˜/pi), respectively. Ic(Φ)
vanishes not only at every nonzero integer Φ/Φ0∈{±1,±2, ...}, but also at Φ/Φ0 = (n+ 1/2)pi/g˜, n ∈ Z. The skewed
form in J±s (φ), however, removes the zeros of Ic(Φ) at Φ/Φ0 = (n+ 1/2)pi/g˜ and leaves finite minima there.
Figure S6. Current-phase relations for positive chirality in the absence of magnetic fields (a) and Fraunhofer patterns for g˜ = 1
(b) and 5 (c) in junctions with lengths L = 1/(100∆), 1/∆, and 5/∆, respectively. Other parameters are µS = µN = 100∆
and kBT = 0.01∆.
Figure S7. Current-phase relations for positive chirality in the absence of magnetic fields (a) and Fraunhofer patterns for g˜ = 1
(b) and 5 (c) in junctions with chemical potentials µS = µN = 100∆, µS = 10µN = 100∆, and µS = µN = 10∆, respectively.
Other parameters are L = 1/(100∆) and kBT = 0.01∆.
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Figure S8. Current-phase relations for positive chirality in the absence of magnetic fields (a) and Fraunhofer patterns for
g˜ = 1 (b) and 5 (c) at temperature kBT = 0.01∆, 0.3∆, and ∆, respectively. Other parameters are µS = µN = 100∆ and
L = 1/(100∆).
